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Abstract--This paper deals with G/G/c queuing system in steady state. We refine a diffusion approxi- 
mation model incorporating some known results for general queuing systems. Approximate formulas for 
the distribution of the number of customers are presented. Numerical results indicate that the refined 
models provide improved performance. 
1. INTRODUCTION 
This paper analyzes a many server queuing system denoted by G/G/c via diffusion approximation. 
The G/G/c queue is of interest from the view point of practical applications. However, it is 
extremely difficult to investigate such a system analytically. There are several studies about G/G/c 
systems. Halachmi and Franta [1], Sunaga [2] and Hoshiai [3] investigated the G/G/c queue using 
the method of diffusion approximation. Seelen [4] provided an algorithm for Ph/Ph/c queues using 
the method of phase. Kimura [5] proposed a two-moment approximation for the mean waiting time 
in the G/G/c queue. 
In this paper we propose two heuristic methods for improving accuracy of diffusion approx- 
imation of the G/G/c queue. The first method is to modify the diffusion parameters proposed by 
Kimura [6] to satisfy the conservation law [7] for queue. The second method is to modify the result 
by Takahashi [8] on the asymptotic tail of waiting time distribution so as to be consistent with the 
result by the first method. 
2. FORMULATION I 
Let N(t )  denote the number of customers in the system at time t and 
Pk=l imP{N(t )=k},  k=O, , . . . ,  
l~oo  
be the steady-state probabilities. The essence of this method is to approximate the discrete random 
process {N(t)} by a continuous diffusion process {X(t)}, 
Consider the one-dimensional homogeneous diffusion process {X(t)}, t >f 0. Let the conditional 
probability density function of X(t )  be defined by 
p(x,  tlXo dx = P[x <~ X( t )  < x + dxlX(0) = x0]. (1) 
Since the primary interest is in the steady-state solution, i.e. 
p(x)  = l imp(x ,  tlx0), 
the problem is to investigate the equation [9] 
1 0 2 ~x 
2 Ox z [a(x)p(x)] -- [b(x)p(x)] = -hoPo6(X - 1), x > O, (2) 
where P0 denotes the probability mass at the origin and satisfies the equation 
lO  
2 Ox [a(x)p(x)] - [b(x)p(x)]lx=o = hoPo. (3) 
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It is well-known that the conservation of probability leads to the condition 
Po + p(x )  dx = 1. 
+ 
Further the following conditions are required 
l imp(x) = 0, 
x~0 
l imp (x) = 0 
x~oO 
and 
(4) 
(5) 
(6) 
2(a). The diffusion parameters 
To obtain a diffusion approximation model for the queuing system, the parameters a (x) and b (x) 
must be specified. Kimura [6] proposed that a(x)  and b(x)  be piecewise continuous functions for 
the M/G/c queue. 
For k - 1 <x  <~k,k = 1,2 . . . . .  c, 
b(x)  = 2 - min([x],e)#, (8) 
a(x)  = 2c:r + min([x), c)llc 2, (9) 
where 2 and # represent mean arrival rate and mean service time, c r and cr represent coefficient 
of variation of interarrival time and service time, respectively, [x] denotes the smallest integer not 
less than x. 
However, his formulation is not consistent with the law of conservation [9] shown as follows: 
C- - I  
'~ = Z n~,p. + Z e~,p.. (lO) 
n=0 n>C 
To improve the accuracy, we shall introduce the modified parameters 
b(x)  = [2 - rain(Ix], e)#]y0, (11) 
a (x) = [2c ~ + min([x], c)pc 2r] Y0. (12) 
and define the parameters 
bk = b(x)  = (2 -k#)yo ,  k - 1 <x  ~k ,k  = 1 . . . . .  c, 
ak=a(x)=(2e2 +k#c2r)y o, k -  l <x  <~k,k = l . . . . .  c, 
bk = b(x)  = (2 - c#)yo, x >t c, 
ak = a(x)  = (2c2r + c#c~)yo, x >1 c. 
The parameter Y0 shall be determined later to ensure that the traffic conservation law holds. 
2(b). The boundaries 
The boundary condition considered is the absorbing barrier with elementary return [9]. Its 
property can be explained by the trajectory of X(t) .  As the trajectory of X(t)  reaches the boundary 
at the origin, it remains there for a random interval of time. This holding time at the origin also 
represents the idle period of the G/G/c queue. Since for general G/G/c queues, ther is no exact 
In order to use equation (2) as an approximate model for the G/G/c queue, we shall first study 
the problem of determining the parameters a(x)  and b(x). Next, we shall establish the boundary 
conditions for the diffusion equation (2). Finally we shall find the steady-state probabilities {Pk} 
by performing a discretization of the state space. 
@(x) 
lira Tx  =°" (7) 
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way to obtain this measure, we shall approximate the mean holding time by the average residual 
interarrival time which is expressed as [10]: 
ho = 22/(1 + C2r). 
2(c). Discretization 
In order to obtain the probabilities Pk, k = 1, 2 . . . . .  we let 
p, = P{N( t )  <<. k}  - P{N( t )  ~ k - 1} 
= p(x)dx ,  k=l ,2  . . . . .  
- I  
We shall proceed to solve equation (2) subject to constraints (3)-(7). 
By introducing piecewise continuous functions 
p(x)= fpk(X if k - l < x <~k,k = l . . . . .  c, 
(p,.+l(X), i fx  >c,  
and integrating equation (2) with boundary condition (3) we obtain 
1 d 
:a lYo-v-p l (x)  -- b~yop~(x) = hoPo, if 0 < x ~< 1, 
Z OX 
(13) 
(14) 
(15a) 
1 d 
:a ,  yo~- -p , (x ) - -bkYop, (x )=O,  i f k - l<x~<k,  k=2 . . . .  ,c, 
Z OX 
(15b) 
1 d 
-xa, yo-;--p,.+l(X)--b, yop,+l(x) =0, i fx  >C. 
2 0X  - - - 
(15c) 
Solving equation (15a) with boundary condition (5), we have 
f poho ,_--_-~[exp(2blx/al)- 1], if bl #0,  
]OV l  
(x) Pl 
12p°h°x  , if bl = O. 
[ .  alYo 
To solve equations (15b) and (15c), we impose the following smoothing conditions [6] 
lim pk(X)= lim Pk-l(x), if k=2,3  . . . . .  c+ l .  
x~k-  1 x~k-  I 
(16) 
(17) 
Solving equations (15) and (17), we obtain the solution 
k 
pK(X) = P l  (l)exp[2bk(x - k )/ak] ['I exp(2b/aj), 
j=2  
where we set a,.+~ = a,. and b,.+l = b,., and p~(1) is obtained from condition (16). 
Also from equation (4) the state probability P0 is obtained as follows. 
( h0 "-'  ) - '  
Po = 1 -- ~ + k=, ~ (a,/2b, - ak + I/2bk + l)qk , 
where 
(18) 
(19) 
ql =/1o  [exp(2b,/a~) - 1], 
yobl 
k 
q, = ql U exp(2b//aj), 
jffi2 
k=2,3  . . . . .  c+ l .  
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Applying pk(X) of conditions (16) and (18) into (13) yields 
| yob, a|[exp(2b|/a|) -  1]/(2b,)- 1}, 
[ alyo 
for k =2 . . . . .  c 
For k = c + 1,c +2, . . . ,  
f Po ak (qk -- qk- | ) 
[.Poqk, 
, i f  b k ~ 0, 
if b k = 0. 
if b| #0,  
if b| = O. 
(20) 
(21) 
Pk poac(q,+ | -- qc) exp[2b~(k - c - 1)/ac]. (22) 
2b, 
The next step is to determine the unknown factor Y0 from the equation of traffic conservation 
(10). 
Introducing Pk of conditions (20) and (21) into (10) yields 
=_ h0 z + {1 --[exp(2b,/a,)-  115 }, (23) Yo P 
where 
(24) 
c - |  
q~ = ~ (ak/2bk-- ak+l/2bk+t)qk/ql 
k- I  
ho 
z = ~ {a| [exp(2b|/a t ) - -  1]/(2bl ) - 1} 
+ h°  [exp(2bl/a l) - -  1] ~ k(qk/ql -- qk- /q|)ak/2bk 
CO 1 l k=2 
a, ho 
+~[exp(2b l /a l )  -- 1] k=2 ~ (qc+l/q|-  qc/ql) 
1 -- exp(2b,./a,.) 
Further, the average number of customers i obtained as 
E(N)  = ~ kpk 
k=0 
= Xokpk. c +l-ex 2 c/a5 
3. FORMULATION II 
From Takahashi [8], for a given interarrival time distribution Fr(') and service time distribution 
Fy(" ) with rational Laplace-Stieltjes transforms F*(s) and F*(s), respectively, the limit 
lim p,+~/p, = y < 1, (25) 
n~ct~ 
exists, or 
where 
p, + j/p, = y < 1, if n is sufficiently large 
y = F* (ck), (26) 
Approx imat ion  for the G/G/c  queu ing  system 
Table 1. Mean number of customers in the M/M/c queue 
p Unmodified Approx. I Approx. II Q '  table 
(a )c~2 
0.3 0.909 0.719 0.696 0.659 
0.4 1.262 1.041 1.015 - 
0.6 2.278 2.024 2.001 1.875 
0.8 4.917 4.657 4.643 4.440 
0.9 9.975 9.719 9.711 9.474 
(b) c = 3 
0.2 0.845 0.621 0.613 0.606 
0.4 1.671 1.349 1.330 1.294 
0.6 2.786 2.444 2.422 2.321 
0.8 5.487 5.166 5.151 4.989 
0.9 10.56 10.26 10.25 10.05 
(c) c=5 
0.3 1.912 1.520 1.515 1.509 
0.5 3.108 2.681 2.667 2.631 
0.7 4.889 4.503 4.486 4.382 
0.9 11.88 11.58 11.57 11.36 
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and k is the unique positive root satisfying the characteristic equation 
F* (ck )F* ( -k )  = 1. (27) 
However, from solution (22) of the diffusion equation, we find 
p,+~/p, = exp(2bc/ac), if n ~> c. (28) 
In order to make result (28) be consistent with equation (25), we shall let exp(2bda~) equal y or 
2bc/ac = In y, (29) 
while parameters a~, b k, k = 1 , . . . ,  c - 1 remain unchanged. 
Then by substituting these new parameters into conditions (19)-(22), the state probability 
distribution can be calculated. 
4. NUMERICAL  RESULTS 
Consider a multiserver queuing system with various interarrival time and service time distri- 
butions. The quantity of interest is the mean number of customers in the system. Tables 1-3 show 
the means for (i) the M/M/c queue; (ii) the M/Ha/c queue with c~ = 2.5; (iii) the H:/Ha/c queue 
with c~ and c 2 = 4; (iv) the E2/M/c queue and (v) the M/Ea/c queue. In these tables, approx. I
and II stand for the results obtained from the Formation I and II using the method of diffusion 
approximation, respectively, Ha and E: represent the hyperexponential and Erlang distribution with 
two stages, and Q. table means those obtained from queuing tables [11]. 
From these tables, the results indicate that the accuracy of the performance measure using 
approx. I and II is much better than the results obtained without considering the conservation of 
traffic and asymptotic property of the G/G/c queue. 
Table 2. Mean number of customers in the M/Ha/c queue (c~ ~ 2.5) 
p Unmodified Approx. I Approx. II Q .  table 
(a) c =2 
0.2 0.902 0.614 0.466 0.425 
0.3 1.395 1.009 0.784 0.691 
0.7 5.234 4.647 4.114 3.665 
0.9 17.070 16.450 15.770 15.090 
(b)c  = 3 
0.2 1.222 0.747 0,636 0.608 
0.3 1.808 1.203 1.018 0.943 
0.5 3.213 2,470 2,120 1.864 
0.7 5.828 5.048 4.529 3.984 
0.9 17.810 16.940 16.260 15.340 
(c )c=5 
0,3 2.546 1.675 1.559 1.51 I
0.5 4.166 3.210 2.924 2.687 
0.7 6.930 6.024 5.537 4.889 
0.9 18.920 18.130 17.450 16.130 
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Table 3. Mean numbor of customers in the H2/H2/c queue (c~, = 2, c~, = 4) 
p Unmodified Approx. I Approx. II Q. table 
(a) e = 2 
0.2 0.914 0.817 0.616 0,448 
0.3 1.509 1.382 1.080 0.772 
0.6 4.836 4.675 4.070 3.195 
0.8 12,370 12.220 11.410 I0.I00 
0.9 27.380 27.240 26.330 24.780 
(b) c = 3 
0.2 1.243 0.933 0.756 0.617 
0.3 1.962 1.553 1.275 0.985 
0.6 5.575 4.992 4.399 3.349 
0.7 8.173 7.560 6.862 5.477 
0.8 13.260 12.620 11.820 10.080 
(c) c = 5 
0.3 2.757 1.969 1.747 1.525 
0,5 5.049 4.079 3.635 2.872 
0.7 9.469 8.435 7.757 6.062 
0.9 29.790 28.760 27.850 24.890 
0.3 1.032 
0.6 2.217 
0.7 2.928 
0.9 8.061 
0.3 2.029 
0.5 3.115 
0.7 4.612 
0.9 9.985 
Table 5. Mean numer of customers in the M/E2/c queue 
p Unmodified Approx. II Q. table 
0.1 0.249 
Table 4. Mean number of customers in the E2M/c queue 0.3 0.753 
0.6 1.818 
p Unmodified Approx. I1 Q. table 0.9 7.613 
(a) c = 2 
0.612 0.623 0.1 0.370 
1.644 - 0.3 1.073 
2.339 2.287 0.6 2.326 
7.475 7.364 0.9 8.213 
(b) c = 5 
1.501 1.497 0.1 0.608 
2.555 2.551 0.3 1.710 
4.045 4.032 0.7 4.263 
9.461 9.380 0.9 9.592 
(a) c =2 
0.204 0.202 
0.669 0.646 
1.786 1.715 
7.695 7.673 
(b) c= 3 
0.301 0.301 
0.927 0.942 
2.232 2.260 
8.275 8.244 
(c) c=5 
0.500 0.500 
1.505 1.507 
4.166 4.181 
9.651 9.689 
At light utilizations improvement in the mean number of customers, E(N), by approx. II can 
reduce the error from 35% (without flow balance) down to 6% for the M/M/c queue and from 
over 100% down to less than 50% for the H2/H2/c queue. Furthermore, at heavy utilization 
approx. II yields better improvements and the error in E(N) can be reduced to about 15% only. 
To conclude, we remark that we have also tested many other eases outside the above set of 
parameter values. It appeared that for the other cases tested the refined approximations howed 
an improved performance as well. 
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